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ABSTRACT KEYWORDS
The author presents the results of the discovery in Marx's works of the disparate Marx; transformation
elements of the theory of the original transformation of value into prices and the problem; original
establishment of the general rate of profit. These results show: transformation;

(a) Marx's tables in Chapter 9 of Volume Il of Capital do not represent the usual particular sphere of
interrelated branches of the economy, but particular spheres of production, exempt production; the
from the double-counting of profits and wages, and producing only final commodities.  equilibrium price of
The total value of these commodities is equal to the net social product. production; inverse
(b) Marx carried out the original transformation of values into prices under the transformation
condition that wages remain unchanged. As a result, the first (chief) macroeconomic

equality is fulfilled—the sum of the production prices for all net social products must JEL CODES

be equal to the sum of its values. Also is fulfilled the second macroeconomic B14; B16; B24; B51;
equality—the sum of profits of all sectors forming separate spheres of production D58; E11; P16

must be equal to the sum of surplus values.

(c) Marx assumed that the original transformation takes place in two stages: in the

first stage, average rates of profit are formed in separate spheres of production,

comprising two sectors of production: A and B. Sector A produced of constant capital

for the sphere's own need. Sector B releases the final product for an exchange with

other particular spheres. In the second stage, is established the general rate of profit

in sectors B. A property of the original conversion is some change in the level of real

wages, especially noticeable when using numerical models with a few spheres of

commodity production. Therefore, Marx introduces the hypothesis of mutual

compensation of positive and negative deviations of prices from the values of

commodities. The hypothesis is fully confirmed under the conditions of the law of

large numbers.

(d) Marx also explains that non-equilibrium original prices of production, in which

demand and supply of final goods do not coincide, can be transformed into

equilibrium prices of production. For this to happen, corresponding changes in

monetary wages, prices of constant capital, and the general rate of profit are

necessary. However, the attainment of equilibrium prices was regarded by Marx as a

secondary issue. At equilibrium prices, only the first (chief) macroeconomic equality

is fulfilled.

The author in developing alternative methods of transforming value into original and

equilibrium prices of production uses all of the above elements of the theory of

transformation of values into production prices. First, he restores the double counting

of profits and wages in Marx's table. Second, he applies an iterative procedure of

sequentially establishing the average and general rate of profit in the sectors and

spheres of commodity production.

The paper proposes new iterative calculation algorithms in the Excel program for the

original and equilibrium transformation of values into production prices. The author

tested the algorithms using the Wolfram Mathematica software. He also developed a

method for converting the equilibrium production prices of goods back to their initial

absolute values. This method refutes the well-known “eraser algorithm” by

P. Samuelson. Ultimately, the author argues that Marx does not have the errors of

transformation that his critics have attributed to him for so long.

1. Introduction

Marx introduced the theory of the transformation of values into the prices of production in
Volume I11 of Capital ([1894] 1998). Engels published VVolume 111 in 1894, eleven years after
Marx’s death. As an editor, Engels used Marx’s manuscripts, written mostly between 1864 and
1865 (see Marx [1864-5] 2016). The theory of transforming the value of commaodities into the
price of production has been the focus of such researchers as Miihlpfordt (1893; 1895),
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Bohm- Bawerk (1898), Komorzynski (1897), Sombart (1894), Schmidt (1889). In the first half
of the twentieth-century, conducted studies on this topic Hilferding ([1904] 1920),
Dmitriev ([1904] 1974), Tugan-Baranowsky (1905), Bortkiewicz ([1907] 1949; [1907] 1952),
Charasoff (1910), Moszkowska (1929), Shibata (1933; 1939), and others.

Sweezy (1942) revisited Bortkiewicz’s work in his famous book Theory of Capitalist
Development: Principles of Marxist Political Economy. In 1949, Sweezy (1949) published a
compilation on the transformation of values into the prices. In the compilation, Sweezy
included three works related to the problem of transformation, including Bortkiewicz’s work
Correction of the fundamental theoretical constructions of Marx in the third volume of
‘Capital’, which Sweezy translated from German. Bortkiewicz argued that the prices of inputs
to the production process should be determined simultaneously with the prices of output
products resulting from the process of transformation of values into production prices. He was
wrong when he wrote, “Marx simply states in general terms that the total price is equal to the
total value. This statement is not only unprovable, but also false.” (Bortkiewicz [1907]
1952, 11).

Thanks to Sweezy, the problem of transformation became the central topic of the Marxist
and neo-Ricardian currents of economic science. They involved many researchers such as
Dobb (1943), Winternitz (1948), May (1948), Meek (1956), Seton (1957), Samuelson (1971),
Lippi (1979), and these are just a few of them. After that, critically minded economists
ruthlessly attacked the Marx theory. They tried to prove the emptiness of value analysis. Sraffa
carefully studied Bortkiewicz's work and his critique of Marx, especially between 1943 and
1945. Sraffa was likely on Marx's side rather than Bortkiewicz's (see Gehrke and Kurz 2006;
Bellofiore 2008). He later summarized his research in his famous book Production of
Commodities by Means of Commodities (Sraffa 1960). Unfortunately, this work caused many
misunderstandings. It became the basis for the denial of the labour theory of value. Modern
neo-Ricardian theorists show they can get the general rate of profit and price using technology
data (matrix of unit direct cost coefficients, real wage vector, and vector of the coefficients of
unit labour intensity). Steedman presents this direction in his work Marx after Sraffa
(Steedman 1977). | have critically analysed Steedman's approach in an unpublished paper
(Kalyuzhnyi 2014a). ““...Value magnitudes,” writes Steedman, “arc irrelevant to the proximate
determination of the profit rate and of production prices.” (1977, 66). However, without a
vector of coefficients of specific labour intensity of production, which is directly proportional
to the magnitudes of newly created value, it is impossible to calculate prices of production.
Using coefficients of the specific labour intensity of production in calculating prices of
production is equivalent to the use of the values of the corresponding goods. The using these
coefficients and the matrix of coefficients of direct costs per unit of production, it is possible
to determine the values of goods without the use of data on real wages. This means that values
are primary to the prices of production.

In the 1970s, Brédy (1970), Morishima (1973), Shaikh (1973), Morishima and
Catephores (1978) developed an Iterative Solution to the Transformation Problem (ISTP).
They aimed the solution at eliminating the shortcomings of the Simultaneous Dual-System
Interpretation (SDSI), which appeared thanks to Bortkiewicz. However, it turned out that ISTP
is only an iterative method of mathematically solving a system of price equations under given
postulates of invariance. Of course, this does not diminish the value of the ISTP method. This
method allows the simulation of the actual transformation process as opposed to the
simultaneous solution of a system of price equations leading to a similar result.
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In the 1980s, we saw an increasing number of responses to the then-dominant neo-Ricardian
interpretation of Marx’s theory. The first was the so-called New Interpretation (NI).
Duménil (1983-4) and Foley (1982) first presented it independently. Lipietz (1982), Glick and
Ehrbar (1987), Mohun (1994), Campbell (1997; 2002), and others have since developed it. In
the third edition of the New Palgrave Dictionary of Economics (Foley and Duménil 2018,
8441), the authors renamed NI in the Single-system labour theory of value (SS-LTV). Foley
had previously acknowledged that the model he and Duménil proposed was an interpretation
of Marx’s theory, not a solution to the transformation problem (Foley 2000, 22). However,
Glick and Ehrbar (1987) and then Rieu (2006) got a numerical solution to NI using the three-
sector Bortkiewicz model. It coincides with my solution performed according to the Marx
postulates of invariance, which refer to the original transformation (Kalyuzhnyi 2014a, 12-3).
Therefore, | oppose Foley's point that NI is not a solution to the transformation problem. In
particular, Bellofiore wrote:

... By interpreting the equality between the sum of labour-values and the sum of prices of
production as that between the net product accounted in labour-values and production
prices, while keeping constant in the transformation the value of labour power <...> also
the other Marxian equality between the sum of gross profits and the sum of surplus values
results by definition. (Bellofiore 2014, 203)

Later we show that the two postulates of invariance, interpreted, as shown above, correspond
to the postulates of invariance of the original transformation of values into prices of
production, grounded by Marx.

A more radical approach followed NI. It is the Simultaneous Single-System Interpretation
(SSSI). The authors of SSSI argue that in the same price system manifests both values and
prices of production (Wolff, Roberts, and Callari 1982). Loranger showed that in the SSSI it is
possible to isolate the price system of production as a subsystem and determine the rate of
profit, and relative prices of production as in a typical neo-Ricardian solution (see Loranger
2004, 37).

The so-called Temporal Single-System Interpretation (TSSI) makes a cardinal change in
the SSSI. In TSSI, the price depends on time, so the input and output prices may differ. In 1996,
the book Marx and Non-Equilibrium Economics, edited by Freeman and Carchedi (1996) was
published and helped to shape TSSI. Freeman, Kliman, and Wells then published The New
Value Controversy and the Foundations of Economics (Freeman, Kliman, and Wells 2004).
In 2007, Kliman published a book: Reclaiming Marx’s Capital: A Refutation of the Myth of
Inconsistency (Kliman 2007). In these publications, the authors summarize the thoughts of
several Marxist economists over the past 30 years. By design, the TSSI authors aim to defend
Marxist economic theory against critics (both bourgeois and those who claim to be Marxists).

Several authors criticized the methodology underlying TSSI: Foley (2011), Laibman (2000),
Duménil and Levy (2000), Mongiovi (2002), Rieu (2003), Veneziani (2004), Mohun and
Veneziani (2009). Laibman showed that the price calculation method using sequential
iterations, which the authors used in TSSI, could also be a utility for determining equilibrium
prices in the “neo-Ricardian” Bortkiewicz model or its analogues (Laibman 2000, 325).
Of course, the dispute between supporters and opponents of TSSI is still ongoing (see Freeman
2018; Potts 2019; Honkanen 2020). Periodically, new papers on the problem of transformation
get published. See, for example, Yoshihara and Veneziani (2013), Huang (2014), Diaz and
Velasco (2016), Sandemose (2016), Mohun and Veneziani (2017), Burns (2017), Montes-
Rojas (2017), Yoshihara (2017), Parys (2018), Bellofiore (2018), Pushnoi (2019),
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Wright (2019), Schefold (2016; 2019), Sinha (2019), Lopes (2019), Cuyvers (2020),
Jaramillo (2020), Moseley (2020), Basu (2020), Shaikh (2021), Jefferies (2017; 2021), and
others.

Moseley (2016) proposed a solution to the transformation problem that incorporates ideas
specific to both TSSI and NI. A basic premise of Moseley’s interpretation is that inputs of
constant and variable capitals are presented in the theory of Marx’s as if we assumed them
sums of money. However, as noted by Ravagnani (2005, 91), the textual evidence of Capital
contrasts with Mosley’s basic premise. Moseley argues that the money sums of constant and
variable capitals are unrelated to any physical quantities, whether measured (untransformed) in
value or production-prices term. However, as Laibman wrote,

the values of input commaodities are not ‘constant’ with respect to the transformation of
value (an essentially logical problem in the concretization of the value categories in
capitalist conditions). They are ‘constant’ in that their purchase is not the source of surplus
value. (Laibman 2000, 316).

In the 19th, 20th, and 21st centuries, economists attempted to solve the problem of
transformation. These attempts have not been in vain. Each of the researchers has contributed
to the analysis of this problem. However, economists have not yet solved the riddle of the direct
and inverse transformation of absolute commodity prices. Many economists prefer to put
forward their interpretations of Marx's theory and criticize each other's interpretations, rather
than reread and rethink volume Il of Capital as Marx wrote it. One must agree with
A. Freeman, who wrote:

The modern formalization of labour value theory, however, is not the work of its authors
but of twentieth-century writers redressing their alleged inconsistencies, in particular
Marx's presentation of the quantitative relation between values and prices of production.
(Freeman 1994, 1).

The purpose of this paper is to illuminate those elements of Marx's theory that have escaped
the attention of researchers and are still in the shadows. The author examines these elements
and on their basis offers a comprehensive solution to the problem of transformation in full
accordance with Marx's concept.

2. Reconstruction of Marx’s Transformation Tables from Volume
lll of Capital

Tugan-Baranovsky belongs to the idea of modifying Marx's three-product scheme of simple
reproduction and using it to inverse the transformation of production prices into values.
Marx considered in Volume 11 of Capital a scheme comprising the following departments and
products.

Department | am engaged in the production of means of production. They are consumed
entirely in Departments | and I1. Department 1l produces consumer goods for the individual
consumption of workers and capitalists. Marx divided the output of Department Il into two
subdivisions:

a) Articles of consumption, which enter into the consumption of the working class, and, to
the extent that they are necessities of life—even if frequently different in quality and value

! Honkanen (2020, 106) indicates other inconsistencies in Moseley’s interpretation, for example.



Valeriy Kalyuzhnyi 5

from those of the labourers—also form a portion of the consumption of the capitalist class.
For our purposes we may call this entire sub-division consumer necessities, regardless of
whether such a product as tobacco is really a consumer necessity from the physiological
point of view. It suffices that it is habitually such.

b) Articles of luxury, which enter into the consumption of only the capitalist class and can
therefore be exchanged only for spent surplus value, which never falls to the share of the
labourer. (Marx [1885] 1997, 402)

Tugan-Baranovsky transferred the necessities of life resources consumed by the capitalists
from subdivision a) to subdivision b) and named the newly formed Department III “Production
of capitalists’ consumption goods” (Tugan-Baranovsky 1905, 171). Thus, Tugan-Baranovsky
combines the different spheres of production, of which Marx makes up social production as a
whole, into three production departments I, Il and I11.

Bortkiewicz borrowed the Tugan-Baranowsky model unchanged (see Bortkiewicz 1952,
319). Sweezy further renamed the product of the third department “capitalists’ consumption
goods (luxury goods)” and the product of the second department “workers’ consumption goods
(wage goods)” (Sweezy 1942, 109). After Sweezy, economists referred to the third sector
product as luxury goods (see, for example, Blaug 1985, 231). They disguised Marx’s idea that
capitalists consumed some necessities of life. This contributed to ignoring the post-
transformation fact of changes in real wages, which Marx wrote about as early as in his book
Grundrisse:

For the worker, therefore, all three cases are possible: his gain or loss by the operation [the
evening-up of profits] could = zero; the operation could depreciate his necessary wage so
that it no longer suffices, hence depress it below the necessary minimum; lastly, it could
create for him a surplus wage, which would amount to an extremely small share of his own
surplus labour. (Marx [1857-61] 1986, 366)

The economists have made another deviation from Marx’s theory. In tables of the 9" Chapter
of the Il volume of Capital, they began to treat spheres of production by I to V as
interdependent branches, instead of individual spheres of production. Only Mark Blaug noticed
that in these tables, “the economy consists of five industries and none of the products of the
five industries enters into the production of any other” (Blaug 1985, 229).2

In fact, in the tables, Marx did not consider branches of the industry but individual spheres
of production producing final products. With this approach in Marx’s postulate of invariance,
the total social product is not the gross, but the net social product. Marx supports this
interpretation of individual spheres of production as follows:

The means of production involved in each branch of production can be transferred from
one sphere to another only with difficulty and therefore the various spheres of production
are related to one another, within certain limits, as foreign countries or communist
communities. (Marx [1894] 1998, 176)

Exchange does not create the differences between the spheres of production, but brings
what are already different into relation, and thus converts them into more or less inter-
dependent branches of the collective production of an enlarged society. In the latter case,

2 Meek also wrote that Marx “takes ‘five different spheres of production’, deliberately assuming that none of the
commodities concerned enters into the production of any of the others.” (Meek 1956, 97).



6 The Transformation Problem of Values into Prices of Production

the social division of labour arises from the exchange between spheres of production, that
are originally distinct and independent of one another.® (Marx [1867] 1996, 357)

Marx formulates his major macroeconomic equality immediately after the presentation of
the transformation tables: “...The sum of the prices of the production of all goods produced in
society—the totality of all branches of production—is equal to the sum of their values.” (Marx
[1894] 1998, 159). Marx introduces this equality to preserve of magnitude newly created value
when transforming values into prices of production. Marx then casts doubt on the postulate he
formulated because of the apparent contradiction in it:

...Under capitalist production the elements of productive capital are, as a rule, bought on
the market, and that for this reason their prices include profit which has already been
realised, hence, include the price of production of the respective branch of industry together
with the profit contained in it, so that the profit of one branch of industry goes into the cost
price of another. (Marx [1894] 1998, 159)

But Marx immediately shows a way of resolving this contradiction. He proposes to exempt
all spheres of production by I to V from double counting:

When we apply this calculation to the total social product, we have to make corrections;
for example, the profit contained in the price of flax cannot appear twice, being at the same
time part of the price of the canvas and profit of the flax producer. (Marx [1894] 2004, 162)

The wages in the price of flax also cannot appear twice. Marx wrote:

That the social product in question in the form of canvas cannot account twice for the total
wages + surplus value contained therein, as the labor wage and surplus value of the spinner,
flax farmer, coal producer, machine builder, etc., as well as the constant capital value of
the weaver, is evident. (Marx [1868-81] 2008, 355)

Because of the elimination of double counting in Marx's tables, only those capitals, which
produce final commodities, remain. They remain only because the corresponding “the
commodity in question is itself an ultimate product, whose price of production does not pass
into the cost price of some other commodity.” (Marx [1894] 1998, 159). Consequently, Marx
understands the total social product as the net (final) social product, and in his tables, he
considers only end commodities.

The above information requires further analysis and research related to the transformation
problem. In particular, questions arise about the recovery of double counting in Marx's table
and how to use the reconstructed table to transform values into prices of production
dynamically. There is also a need to clarify the terms that refer to independent spheres of
production (see Marx [1867] 1996, 357).

| relate these questions to the need to clarify the economic essence of the spheres of
production (with and without double counting). | have concluded that there are at least eight
key signs that characterize Marx’s system of spheres of production.

8 For emphasis in quotations, regular italics indicates emphasis in the original and bold italics indicates
emphasis added by me. | add brackets in quotations unless otherwise noted.
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Sign 1:

The portion, therefore, which will have to be used to buy back these consumed capital
values, i.e., their cost price, depends entirely on the outlay of capital ... within the
respective spheres of production. <...> ... Cost prices (for the capitalist — V.K.) are
specific. But the profit added to them is independent of his particular sphere of production,
being a simple average per 100 units of invested capital. (Marx [1894] 1998, 157-8)

Sign 2:

They have as their (price of production — V.K.) prerequisite the existence of a general rate
of profit, and this, again, presupposes that the rates of profit in every individual sphere of
production taken by itself have previously been reduced to just as many average rates.
These particular rates of profit = m/C in every sphere of production, and must, as occurs in
Part | of this book, be deduced out of the values of the commodities. Without such
deduction the general rate of profit (and consequently the price of production of
commodities) remains a vague and senseless conception. (Marx [1894] 1998, 156)

Sign 3:
... Deviations of the rates of profit in various* spheres of production are continually
balanced out into an average rate. (Marx [1894] 1998, 637)

Sign 4:

In our consideration of the transformation of surplus value into profit, we assumed that
wages do not fall, but remain constant, because there we had to investigate the fluctuations
in the rate of profit, independent of the changes in the rate of surplus value. (Marx [1894]
1998, 844-5)

Sign 5:

In applying this approach to the aggregate product of society, we must make some
rectifications. Looking upon society as a whole, the profit contained in, say, the price of
flax cannot appear twice—not both as a portion of the linen price and as the profit of the
flax. (Marx [1894] 1998, 160)

Sign 6:

The sum of the profits for all the different spheres of production must accordingly be equal
to the sum of surplus-values, and the sum of prices of production for the total social product
must be equal to the sum of its values. (Marx [1894]1991, 273)°

Sign 7:

For the purposes of the following analysis we may leave out of consideration the distinction
between price of production and value, since this distinction disappears altogether when,
as here, the value of the total annual product of labour is considered, i.e., the product of
the total social capital. (Marx [1894] 1998, 818-9)

The entire value portion of commodities, then, in which the total labour of the labourers
added during one day, or one year, is realized, the total value of the annual product,

4 The translation from German as “separated spheres” is more appropriate here, rather than is “various spheres”
(see Marx [1894] 1904, 184).

5 | use here a more accurate translation from the edition that first appeared in Pelican Books 1981 and reprinted in
Penguin Classics 1991.
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created by this labour, is divided into the value of wages, into profit and into rent. (Marx
[1894] 1998, 820)

Sign 8:

He (Ramsay — V.K.) also brings up again Ricardo’s exceptions. These latter will have to be
discussed in that part of our text where we speak of the conversion of value into price of
production. That is, very briefly, as follows. Provided that in the different trades the length
of the working day (in so far as this is not compensated by the intensity of labour, the
unpleasantness of the work, etc.) is the same, or rather the surplus labour is the same [as well
as] the rate of exploitation, the rate of surplus value can change only if wages rise or fall.
Such variations in the rate of surplus value=the rise or fall in wages, will affect the production
prices of commodities in different ways according to the organic composition of capital. <...>
Strictly speaking, all this hardly belongs to the discussion of the original conversion of
values into production prices and the original establishment of the general rate of profit,
since it is much more a question of how a general rise or fall in wages will affect production
prices regulated by the general rate of profit. (Marx [1861-3] 1991, 261)

I developed a hypothesis based on the above signs of the sphere of production: Marx views
each of the separated spheres as an elementary model of simple reproduction, comprising

interconnected sectors A and B:
Cpj + Vaj + My = WA,} 0
Cy + Vg + Mg = W
where w,; and w is the output of sectors A and B of sphere j, respectively; c,; and cg; is
the constant capital of sectors A and B of sphere j, respectively; v,; and vy, is the variable
capital of sectors A and B of sphere j, respectively; m,; and my; is the surplus value of sectors

A and B of sphere j, respectively.
Sector A produces the means of production (constant capital) in the volume necessary to
meet the demand of the separated sphere, that is:
Wy =Cyj +Cy - (2)
Sector B produces some final product for commodity exchange with other particular spheres.
Marx writes in Volume Il of Capital

that, on the basis of simple reproduction, the sum of the values of v + m of the commodity
capital of I (and therefore a corresponding proportional part of the total commodity product

of 1) must be equal to the constant capital llc, which is likewise taken as a proportional part
of the total commodity product of department I1; I(v + m) = llc. (Marx [1885] 1997, 401)
We will rewrite this Marx equality:
TV +2my = Xcy (3)
If we take the sum of all separate spheres of production, represented a model of simple
reproduction (1), we will get:

(4)

Then we insert the left part of equality (3) into the second equation of the system (4) and
get:

Lep + vy + Zmy = Zwy
2Cq + Vg + ZMg = ZWg,
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W =(ZVAJ. +EmAj) + (ZVB]- + ZmBJ.) =V+M. (5)

Equation (5) shows that the value of the total annual product of labour is equal to the sum
of gross wages and gross profits, in which we include rent. The sum (V + M) characterizes the
annual newly created value, which is equal to the value of the net (or final) social product.
Marx describes the economic sense of equation (5) in Volume Il of Capital:

... It is quite correct to say that the component parts of commodities which make up the
constant capital, like any other commodity value, may be reduced to portions of value
which resolve themselves for the producers and the owners of the means of production into
wages, profit and rent. This is merely a capitalist form of expression for the fact that all
commodity value is but the measure of the socially necessary labour contained in a
commodity. (Marx [1894] 1998, 838)

Note that all the translations of the third volume of Capital from German into English (1904,
1981, and 1998) have a characteristic flaw. The terms “branch” and “sphere” as well as the
terms ‘“separate sphere” and ‘“special sphere” are arbitrarily translated using different
synonyms. This shortcoming makes it difficult to understand the text of the third volume of
Capital. Further, | propose we regard the separate (or independent) sphere of production as a
set of sectors A; and B;, sector B, as a particular sphere of production producing final

product j.

The separate sphere of production has several properties. We show the first property of the
separate sphere of production j with the system of equations (1):

(Cay +ACy) +Vy + My = (Wy + ACAJ-)}

(6)

It follows from (6) that an increase (or decrease) in the value of constant capital of sector A
by magnitude Ac,; causes an increase (or decrease) in the product's value of sector wy; by the

CBj +VBJ- + mBj = WBj

same magnitude Ac,;, but has no effect on the value of the product of sector wy; .

The following system of equation reflects the second property of a separate sphere of
production:

+ Vy + (Mg +AW,)

)

The system (7) shows that an increase (decrease) in the selling price of the product of sector
A; by Aw,; increases (decreases) the price of the constant capital of sector B; a by dgAw,;.

Caj (Wy; +AW,)
(CBj + dBjAWAj) + Vg + (mBj - dBjAWAj) _ W,

Here dy; is the share of consumption of constant capital of sector B; in its total output in the
separate sphere of production j. However, the aggregate deviation of the price from the value
of constant capital Aw,;, caused by the change in the price of constant capital of sector A,
does not affect the value of the final product wj, of the particular sphere of production j. The
price of the gross product of the separate sphere (w,; +Aw,;)+ W changes by Aw,;.

The third property of the separate sphere is that in it is A-sector we can always set such a
deviation of the price from the value of the produced means of production that in its two sectors
A and B we will get the same (average) rate of profit. Here, given (7), the value of the final
product of the particular sphere of production will not change, ...
Wy; = (Vg; +dgAW,) + (Mg —dg,Aw,;) = const.
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We refer all three properties of the separate sphere of production to the first stage of
transformation when in each of these spheres in sectors A and B we set average rates of profit.
Here, the value of the final product of sector B remains unchanged, which guarantees the
manifestation of the three properties under consideration. We can change the value of the final
product of sectors B; only after we equalize their rates of profit to the general rate of profit,

which happens at the second stage of transformation.

Marx showed in his transformation table only the second stage of transformation, just
mentioning the first stage. In addition, he eliminated the double counting in the composition of
the gross social product, removing from it all sectors A. As a result, Marx got a model of the
final social product, which we can simplify without prejudice to its economic content and
represent as:

Cg + Vg t+ Mg = W
Cagn t Vg t+ Mg = Wy, )

, j=LI,...,V (8)
Co T Vg T Mg = Wy

Rubin applied Marx's simplified numerical model of the final social product (Rubin [1928]
1990, 240), as did Samuelson (Samuelson 1971, 413-4). Marx also used simpler numerical
models in manuscripts of the third volume of Capital (see Marx [1864-5] 2016, 121). In the
third volume of Capital published by Engels, Marx added to his table the element of consumed
constant capital, and for variable capital adopted the condition that it makes one turn per year.
Samuelson, for example, simplified this table of Marx, explaining that he

ignored Marx’s complication in which all of constant capital is not used up in one period’s
production—so the reader can, if he wishes, subtract from the numbers in my column’s (3)
and (5) the respective numbers [30, 19, 9, 45, 85] to get Marx’s more complicated second
table. Unfortunately for the reader in a hurry, the literature has mostly concentrated on the
more complicated case, which merely slows down but does not alter the analysis.
(Samuelson 1971, 413-4)

I reproduce Samuelson's numerical model in Table 1.

Table 1. Marx's Own Transformation Procedure (Samuelson 1971, 413-4)

Capitals or Cost  Surplus Values Rate of Profi, % Prices Deviations of Price from
Outlays Values Values
(1) ) @=M+@ #=@/1)  (6)=(1)(1+022) (6)=(5)-(3)
I 80c,+20v, 20m, 120 20% 122 +2
I 70c,+30v, 30m, 130 30% 122 -8
Il 60c,+40v, 40m, 140 40% 122 -18
Y 85¢c,+15v, 15m, 115 15% 122 +7
v 95¢5+5v5 5mj 105 5% 122 +17
Average 100 22 122 22% 122 0

Unfortunately, we cannot use Samuelson’s (or Rubin’s) model for a complete reconstruction
of Marx’s concept of the transformation of values of commaodities into prices of production.
The fact is that in his model, Marx, in order to eliminate double counting, removed all the
sectors A, which are necessary to model the process of continuous equalization of the rates of
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profit in separate spheres of production into the average rate of profit, and in particular spheres
of production into the general rate of profit.° (see Sign 3).

However, the analysis shows that it is possible to reconstruct sectors A; in Marx's model,
simplified by Samuelson. Here we can rely on Marx's equality v, +m, =v,(1+m’)=cy,
where m’ is the general rate of surplus value in Marx's model, and determine the unknown
magnitude of variable capital in sectors A;:

The analysis shows that in Marx's model, simplified by Samuelson, we can reconstruct
sectors A;. To do this we can rely on Marx's equality v, +my =V, (1+m’) =cy;, where m' is

the general rate of surplus value in Marx's model, and determine the unknown magnitude of
variable capital in sectors A:

Yy = ©

Yolem’

We then determine the surplus value of sector A;:
My =Cj — V- (10)

To determine the value of constant capital in sector A, in the simplest case we can establish
insectors A; and B; the same capital composition c,; /v, = cg; / vg;, Whence c,; = v, (cg; / vg))-
However, we will come closer to reality if we set the magnitudes of constant capital c,; at an

arbitrary level.” Thus, we will provide a differentiated capital structure of sectors A and B in
any of the individual spheres of production, and we will not change the value of production of
sectors B as presented in Table 1. Consequently, we have discovered the possibility of
recreating Marx's tables and giving them back what he could have removed, freeing them from
double counting.

In particular, Rieu wrote about the problem of double counting (Rieu 1997; 2006).
Rieu (2006, 269) concluded: “Those who do not accept the NI’s postulates may consider
double counting to be a pseudo-problem.” He showed “that given the NI’s specific formulation
of the relationship between value and price, profit contained in constant capital is counted
twice.” That means that known solutions based on NI postulates do not eliminate double
counting in the Tugan-Baranovsky—Bortkiewicz three-industry model, in which
interdependent branches of production, rather than separate and particular spheres, appear.

® Marx stressed the need for such modeling in a veiled form in the title of Chapter 9 of Volume 11 of Capital:
“Formation of a general rate of profit (average rate of profit) and transformation of the values of commodities
into prices of production”. The modeling of the process of continuous equalization of profit rates in separate
spheres of production into an average rate of profit, as well as the process of formation of the general rate of
profit and the transformation of the value of commodities into the price of production, remained incomplete in
Volume Il of Capital.

" About the neutral character of the influence of the magnitude of constant capital on the value of the total social
product, Marx wrote in Volume Il of Capital: “...The matter presents itself differently in the movement of
social capital, i.e., of the totality of individual capitals, from the way it presents itself for each individual <...>
capitalist. For the latter the value of commodities resolves itself into 1) a constant element (a fourth one, as
Adam Smith says), and 2) the sum of wages and surplus value, or wages, profit, and ground rent. But from the
point of view of society the fourth element of Adam Smith, the constant capital value, disappears.” (Marx [1885]
1997, 383).
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In this model, the problem of eliminating double counting becomes a pseudo-problem. The real
problem is the problem of restoring double account in the transformation table of Marx.

I solved this problem using formulas (9), (10), and the data from Table 1. The result is a
reconstructed numerical example of Marx supplemented by sectors-A producing means of
production in separate spheres of production. | give this example in Table 2.

3. The Solution to the Problem of Transformation of the Values
of Commodities into the Original Prices of Production

Now we can apply to own Marx's transformational procedure to the data of Table 2, using the
general (average) rate of profit equal to 22%. For this purpose, we redistribute the total surplus
value of =110 in proportion to the capital of sector B, which produces and sells the final
products on the market. We present the results of the transformation performed in Table 3.

Table 2. Reconstruction of the Example of Marx with the Allocation of Sectors Producing Means of Production in the
Separate Spheres of Production

Sphere  Sector Gross Output Structure Constant Variable Surplus  Value of Rate of Surplus  Rate of

Capital Capital Value Product Value Profit

| A Means of production 100 40 40 180 100% 28.571%
B Final product 80 20 20 120 100% 20%

I A Means of production 70 35 35 140 100% 33.333%
B Final product 70 30 30 130 100% 30%

" A Means of production 50 30 30 110 100% 37.500%
B Final product 60 40 40 140 100% 40%

v A Means of production 170 42.5 425 255 100% 20.000%
B Final product 85 15 15 115 100% 15%

Y A Means of production 285 475 475 380 100% 14.286%
B Final product 95 5 5 105 100% 5%

Means of production 765 195 195 1065 100% 22.414%
Sum Total final product 390 110 110 610 100% 22%

Gross output 1065 305 305 1675 100% 22.263%

Note: we highlight the numbers from the Marx example in bold here and below in the tables.

Table 3 shows that we have kept the prices of the final commodities from the simplified
Marxian model presented in Table 1. However, compared to Table 2, the rate of profit in sector
A of the separate sphere | have remained at 28.571%, and in its B sector, it has increased from
20% to 22%. The rate of profit in sector B of separate sphere Il declined from 30% to 22%,
while sector A remained at 33.333%, and so on.

Therefore, each separate sphere of production must begin a repeated process of equalizing
the differential rates of profit into an average rate of profit. The process of formation of average
rates of profit in each sphere corresponds to Sign 3 of the independent sphere of production.

We achieve equality of rates of profit by changing in the next period of reproduction t+1 the
price of production of constant capital produced by sector A in each separate sphere of
production. Therefore, we must determine the index of change in the price of constant capital
X;., based on the following modification of the model (1):

CpjtXjer T Vajr T Majp = WapX

jt+1 (1)
CgjtXjer + Vg + Mg = Wy
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Table 3. First Stage: Transformation of the Value of Final Products into the Prices of Production according to the Marx
Procedure

Constant Variable  Surplus Rate of Surplus  Rate of

Sphere  Sector  Gross Output Structure Capital Capital Value Price Value Profit
| A Means of production 100 40 40 180 100% 28.571%
B Final product 80 20 22 122 110% 22%
I A Means of production 70 35 35 140 100% 33.333%
B Final product 70 30 22 122 73.333% 22%
il A Means of production 50 30 30 110 100% 37.5%
B Final product 60 40 22 122 55% 22%
v A Means of production 170 42.5 425 255 100% 20%
B Final product 85 15 22 122 146.667% 22%
v A Means of production 285 475 475 380 100% 14.286%
B Final product 95 5 22 122 440% 22%
Means of production 675 195 195 1065 100% 12%
Sum Total final product 390 110 110 610 100% 22%
Gross output 1065 305 305 1675 100% 22.263%

We determine the index x.

1w after writing the system (11) in the form:

Aj'[ Jt+1 (CAj Jt+l + VAt) WB]'( (CBJI Jt+l + VBjt)
(CAjt jt+1 + VAt) (CB]t jt+1 + VBjt)

(12)

The left part of the equality (12) determines the rate of profit sector A and the right,
respectively sector B. We define the magnitude of the index from (12) by the formula:

2
(WBJt Ajt Ajt Bjt) + \/( Ajt Bjt - WBthAjt) + 4WAthBJtWBjtVAjt) (13)

2WAthBjt

X

jt+1 =

We made calculations of the indices x;,,

following result: x,= 0.9528721; x, =0.9176648; x, = 0.8845205; x, = 1.0158706;
v = 1.0617208. After that, we can easily convert Table 3 into Table 4.

using the numerical data in Table 3. They gave the

Table 4. Stage Two: Formation of Average Rates of Profit in Sectors A and B

Constant Variable  Surplus Rate of Surplus  Rate of

Sphere  Sector Gross Output Structure Capital Capital Value Price Value Profit
| A Means of production 95.287 40 36.230 171.517 90.574% 26.780%
B Final product 76.230 20 25.770 122 128.851% 26.780%
I A Means of production 64.237 35 29.237 128.473 83.533% 29.461%
B Final product 64.237 30 27.763 122 92.545% 29.461%
il A Means of production 44,226 30 23.071 97.297 76.904% 31.082%
B Final product 53.071 40 28.929 122 72.322% 31.082%
" A Means of production 172.698 425 43.849 259.047 103.174% 20.376%
B Final product 86.349 15 20.651 122 137.673% 20.376%
v A Means of production 302.590 475 53.363 403.454 112.344% 15.243%
B Final product 100.863 5 16.137 122 322.731% 15.243%
Means of production 679.038 195 185.750  1059.788 95.256% 21.252%
Sum Total final product 380.750 110 119.250 610 108.409% 24.300%

Gross output 1059.788 305 305 1669.788 100% 22.348%
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We observe in Table 4 the change in the average rates of profit in separate spheres of
production by I to V. This change does not affect the total value of the final social product
= 610. The gross profit of the economy remains unchanged = 305. Thus, we have realized in
the dynamics the fulfilment of the two postulates of invariance, adopted by Marx for the
original transformation of the values of commaodities into the prices of production.

The profit redistribution effect arising after the second stage of transformation is the change
in the average profit rate in the manufacture of the final social product. Here this rate rose from
22% to 24.300%. Note also that the profit rates of sectors B remain differentiated, despite some
reduction in their variability. In particular, their coefficient of variation fell after the first and
second stages of transformation from 54.9% to 24.4%.

We will trace further changes in the structure of gross output if we multiple times repeat the
procedure of two-stage transformation, the results of which are presented in Table 3 and Table 4.
However, the initial table should now be Table 4, not Table 2. | have presented in Table 5 the
results of the final step of the iterative calculations.®

According to the data in Table 5, the indices of price changes compared to the base value of
the final product were as follows: X;, =0.8509231; X, =0.7693302; X, =0.7191675;

Xgy = 1.0653288; X, = 1.7588575. The general rate of profit is r = 20.471%.°
Given equality cgXg; = Wy X —cpXn = Xp(Wy —Ca) =CgiX 0 this result satisfies the
following system of equations:
(caXa +va)d+7) =wy Xy
(e X Ve )A+7) = wy X,
(CAjXAj +VAj)(1+r) = WAjXAj » J=L 1LV (14)
(cgy X pj + Vg )(L+7) = Wy Xy

Zju Wi X g = Zju W

The unknowns in the system (14) are the price indices X, Xg;, and the general rate of

profit r.10

The analysis of the concluding stage of the transformation in Table 5 shows that we have
transformed the values of goods into original prices in exact accordance with Marx’s theory.
For example, Marx wrote:

Aside from the fact that the price of a particular product, let us say that of capital B, differs
from its value because the surplus value realised in B may be greater or smaller than the
profit added to the price of the products of B, the same circumstance applies also to those
commodities which form the constant part of capital B, and indirectly also its variable part,
as the labourers’ necessities of life. <...> As for the variable capital, the <...> one
commodity receiving too little of the surplus value while another receives too much, so that

8 A special algorithm developed by the author in Excel (Kalyuzhnyi 2020a) provides automatic iterative
calculations. The algorithm involves more than 1,500 iterations to achieve perfect calculation accuracy.

® For example, Xg, =102.111 : 120 = 0.85092.

10 Calculations performed at my request by Grigorii Sergeyevich Pushnoi (St. Petersburg) using Wolfram
Mathematica showed that this alternative calculation produces the same result as my iterative solution method.
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the deviations from the value which are embodied in the prices of production compensate
one another. (Marx [1894] 1998, 160)

Table 5. End Stage: Setting a General Rate of Profit in all Sectors of Separate Spheres of Production

Sphere  Sector Gross Output Structure Constant Variable Surplus Original ~ Rate of Surplus  Rate of

Capital Capital Value Price Value Profit
| A Means of production 80.950 40 24.760 145.709 61.899% 20.471%
B Final product 64.760 20 17.351 102.111 86.756% 20.471%
I A Means of production 53.018 35 18.018 106.036 51.481% 20.471%
B Final product 53.018 30 16.995 100.013 56.649% 20.471%
" A Means of production 36.312 30 13.575 79.887 45.249% 20.471%
B Final product 43.575 40 17.109 100.683 42.772% 20.471%
v A Means of production 173.390 42.5 44,195 260.085 103.988% 20.471%
B Final product 86.695 15 20.818 122.513 138.787% 20.471%
Y A Means of production 444895 475 100.798  593.193 212.207% 20.471%
B Final product 148.298 5 31.382 184.680 627.635% 20.471%
Means of production 788.565 195 201.346  1184.910 103.254% 20.471%
Sum Total final product 396.346 110 103.654 610 94.231% 20.471%
Gross output 1184.910 305 305 1794.910 100% 20.471%

A comparison of Table 5 and Table 2 shows that after transforming the values into original
prices of production, we observe price deviations from the values in sectors A and B, which
produce means of production and final products, respectively. But the monetary estimates of
total variable capital =305 as well as gross profit =305 and final social product = 610 remain
unchanged. Only what did Marx mean by the indirect deviation of prices from the value of
those commodities, which satisfy the vital needs of the workers? We will answer this question
as follows. Suppose that in value prices (see Table 2) workers in all sectors of the economy
bought with their wages 100% of the output of sphere I, 100% of the output of sphere I11, and
3/7 of the output of sphere V. Thus, we get the following equation characterizing the balance
between supply and demand of commodities for workers:

120w, +140w,,, + % 105w, = 305W, . (15)

Here %7 is the share of the final product of sphere V in the total consumer basket of workers.
Equation (15) shows that the value of workers' total consumption basket is equal to 305W, .

At the same time, workers receive the same wage Z\I/ Vy + Z\I/VBJ- =305W, . Consequently, the

economy is balanced and all prices are in equilibrium: 305W, =305W,. Let us now turn to the
original prices of production presented in Table 5. From here we take the same percentages of

the production prices of goods I, 111, and V, and obtain the new total price of the consumer
basket of all workers:
102.111w;, +100.683wy,, + ¥ -184.680wp,, = 281.943W, . (16)

Since the workers receive the former wage at the nominal level =305W, , they can now buy

(with the proportions of distribution unchanged) 1.082 (=350/281.943) times more consumer
goods than before the conversion of values into prices of production. Thus, there was an
indirect change in the cost of variable capital, which in this example is expressed in an increase
in the level of real wages.

Marx considered the fact of the discrepancy between nominal and real wages after the
original transformation. He mentioned this several times in Volume |11 of Capital. According
to Marx, the contradiction between nominal and real wages is always resolved through the
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mutual compensation of positive and negative deviations of prices from the values embodied
in the prices of production. | developed a custom program with a random number generator,
which is necessary to confirm Marx's above thought (see Kalyuzhnyi 2020b, Sheet 4). First,
the program generated two arrays of 250 numbers each, reflecting the absolute values of goods
in the ranges of $1 to $80 at increased and decreased composition of capital c/v, respectively.
The program then generated from these arrays two arrays of prices of production that deviated
from the values between 1% and 20%. The program then determined the percentage deviation
of the price array from the value array using two price arrays of 500 products each. | give the
result of 20 consecutive calculations below:

Number of calculation 1 2 3 4 5 6 7 8 9 10
Deviation of general sum of

prices from general sum of

values, % 038 094 -0.12 069 0.17 022 037 0,10 -0.01 0.51
Number of calculation 11 12 13 14 15 16 17 18 19 20
Deviation of general sum of

prices from general sum of

values, % 052 030 079 143 059 0.28 0.83 036 0.59 -0.05

This result shows that despite the 20% limit deviation of commaodity prices from values, their
average deviation for the whole aggregate is only 0.44%, and the maximum deviation is 1.43%.
If we double the above arrays, the average deviation of commodity prices from values
decreases to 0.32% and the maximum deviation to 1.03%. It means that with the existing
number of goods, the price aggregates in the gross social product will be equivalent to their
values.

Thus, experimental calculations show that the law of large numbers leads to the mutual
compensation of price deviations from values. As a result, the sum price is approximately equal
to the sum value for any of the components of the gross social product (C + V + M).

Shaikh's empirical study showed that price aggregates are essentially equivalent to the
corresponding aggregates of labour value. “As Sraffa had predicted, in actual conditions there
is no effective difference between aggregates.” (Shaikh 2021, 376-7; emphasis in the original).
This result is one more confirmation of Marx's idea of the reciprocal compensation of prices'
deviations from values under the original transformation.

But if we take only 3-5 industries (or spheres) when calculating the prices of production,
there is usually no acceptable mutual compensation of price deviations from values. In the
numerical model under consideration, comprising five separate spheres of production, we can
accidentally reach the equality 305W, = 305W, . For example, if in Table 2 we increase in

sector A of the first sphere the value of constant capital from 100 to 210.195, we get equilibrium
prices of production, as evidenced by equality
137.128wj, +98.122w;,,, + % -162.749w,,, = 305W,.
The reader can check this calculation with a special algorithm (see Kalyuzhnyi 2020a).

4. The Solution to the Problem of Transformation of the Values
of Commodities into the Equilibrium Prices of Production
Marx foresaw the main consequences of the original transformation of value into the price. He

but also showed another way to resolve the contradiction between nominal and real wages.
Marx wrote that
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the rise in commaodity prices caused by an increase of the average profit must correspond
to the rise of the money expression of the variable capital. Such a general nominal increase
in the rate of profit and the average profit above the limit provided by the ratio of the actual
surplus value to the total invested capital is not, in effect, possible without causing an
increase in wages, and also an increase in the prices of commodities forming the constant
capital. The reverse is true in case of a reduction. (Marx [1894] 1998, 178-9)

In Table 5, we have presented an example of the original transformation. It shows that the
resulting prices of production are not in equilibrium. The general rate of profit is
underestimated, and we overvalue real wages. According to Marx, in such a case, market
relations should change the monetary value of wages, constant capital, and the general rate of
profit. We have provided for these requirements in the following system of equations:

(ca X T Van)A+7") = wy X,
(cg X a +vg V)A+7") = wg X,
(cAjX,’Aj + VAjy)(1+ r') = WAjX/&j , j=L1,...,V (17)
(cgyX gy + Vg V) L+7") = w XY

Z:Wsixéj :Z:WBi

j ) ’ 3 as
Z, y(VAj +VBj) = Wg, + Wgy +7 Way

where Wy, =Wy X3 Y=V, and yvg =vg,.

In the system (17) the unknowns are the X, and Xg indices, as well as the wage index y
and the new general rate of profit r'.

I developed an iterative method for solution the system (17) (Kalyuzhnyi 2020a). The
method was tested with a program Wolfram Mathematica, which gave a similar solution

presented in Table 6 | give the general results of the transformation of Table 2 values into
equilibrium production prices in Table 7

Table 6. Results of the Solution of the System (17) by Using the Program Wolfram Mathematica

Sphere XA X,
I 0.774241962534851 0.8172663474421875
I 0.718920875200394 0.7312132472928730
Il 0.686232450345859 0.6789688839259913
% 1.006620934476756 1.0552623362679074

v

1.678213983381916

1.9091381308420554

y=0.9148813814117829 and r' = 0.222278755165768

Table 7 and Table 5 show that at equilibrium prices of production, the total rate of profit
increases from 20.471% to 22.228%, while the price of variable capital decreases by 8.5%.
These changes are consistent with Marx's assumptions (Marx [1894] 1998, 178-9).
The exception is the change in the price of constant capital, which increased marginally by
0.5% in the final product. Marx assumed that this price should decrease.
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Table 7. The Result of the Calculation of Equilibrium Prices of Production and the General Rate of Profit in all Sectors of
Separate Spheres of Production

Sphere  Sector Gross Output Structure Constant Variable Surplus  Equilibrium Rate of Surplus  Rate of

Capital Capital Value Price Value Profit
| A Means of production 77424 36.595 25.344 139.364 69.255% 22.228%
B Final product 61.939 18.298 17.835 98.072 97.472% 22.228%
I A Means of production 50.324 32.021 18.304 100.649 57.162% 22.228%
B Final product 50.324 27.446 17.287 95.058 62.984% 22.228%
" A Means of production 34.312 27.446 13.728 75.486 50.016% 22.228%
B Final product 41.174 36.595 17.286 95.056 47.237% 22.228%
v A Means of production 171.126 38.882 46.680 256.688 120.055% 22.228%
B Final product 85.563 13.723 22.069 121.355 160.816% 22.228%
v A Means of production 478.291 43.457 115.973  637.721 266.870% 22.228%
B Final product 159.430 4.574 36.455 200.460 796.929% 22.228%
Means of production 811.477 178.402  220.029  1209.908 123.333% 22.228%
Sum Total final product 398.431 100.637  110.932 610 110.230% 22.228%
Gross output 1209.908 279.039  330.967 1819.908 118.608% 22.228%

The major result of the equilibrium transformation of values into prices of production is that
the value of the final social product does not change and is still 610. But now the amount of
wages is balanced with the total value of the workers' consumption basket:

279.039W, = 98.072w/ +95.056W/, + ¥ - 200.460W,. (18)

Equality (18) is a sign that the solution of the system of equations (17) leads to the
equilibrium prices presented in Table 7. Also, Table 7 shows the following. At equilibrium
prices, we do not achieve one of the two macroeconomic equalities that Marx postulated as
unchanged during the original transformation. According to the first postulate of invariance,
the value of the final social product does not change and equals 610, but we do not fulfil the
second postulate of invariance—the sum of profit does not coincide with the sum of surplus
value: 330.961 > 305. In our example, the composition of the final social product changes from
305V +305M =610 to 279.039V'+330.961M " =610.

Marx devoted Chapter 11 of Volume I11 of Capital to this question, in which he investigated
the effect of general variations in wages on the price of production. In particular, he drew the
following conclusion:

Since the price of production of commaodities produced by the average capital coincides
with their value, the price of production of these commodities would have remained
unchanged. A wage increase would therefore have caused a drop in profit, but no change
in the value and price of the commaodities. (Marx [1894] 1998, 198)

Marx also writes:

Since the price of production of the commaodities of the average capital remained the same,
equal to the value of the product, the sum of the prices of production of the products of all
capitals remained the same as well, and equal to the sum of the values produced by the
aggregate capital. The increase on one side and the decrease on the other balance for the
aggregate capital on the level of the average social capital. (Marx [1894] 1998, 200)

Marx thus unequivocally clarifies that he bases the equilibrium transformation on only one
postulate of invariance: the sum of the prices of the products of all capitals remains constant
and equal to the sum of the values produced. The second postulate of invariance—the sum of
the profits in all spheres of production must equal the sum of the surplus values—is succeeded
by the condition of invariability of real wages.
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After that, Marx writes that in the entire Chapter 11:

The establishment of the general rate of profit and the average profit, and consequently, the
transformation of values into prices of production, are assumed as given. The question
merely was, how a general rise or fall in wages affected the assumed prices of production
of commaodities. This is but a very secondary question compared with the other important
points analysed in this part.* (Marx [1894] 1998, 202)

This question is also secondary to the theory of original transformation since the general
increase or decrease of monetary wages compared to their nominal level leads to the failure of
the postulate “the sum of profits in all spheres of production must equal the sum of surplus
values”. Marx intended this postulate for the original transformation. Therefore, its non-
compliance at equilibrium prices has no theoretical consequences.

Thus, when Marx considers the transformation of values into equilibrium prices of
production, he uses as his main postulate of invariance the equality between the sum of values
and the sum of the production prices of the final products of particular spheres of production.
We see that at equilibrium prices of production, the equality between the sum of surplus value
and the sum of profit loses its priority. Now we know why this happens. Next, we show that
surplus value does not disappear; we can identify it after the inverse transformation of
equilibrium prices of production into initial values.

5. A Solution to the Problem of Inverse Transformation Prices
into Values

Samuelson stated in his paper, not without triumph, that his attempts to the inverse
transformation of production prices into values failed. He argued that after the inverse
transformation “we ... can say in a dozen repetitive ways that... total of profit is not allocated
by the value system according to where it was ‘really produced’...” (Samuelson 1971, 417).
Unfortunately, Samuelson did not give a single numerical example of the inverse
transformation of production prices into value. Nor have such examples from Morishima and
Seton, who, after Tugan-Baranovsky (1905), were among the first to consider the inverse
transformation method (see Morishima and Seton 1961).

A review of the current literature (Ramos-Martinez and Herrera 1995; Foley 2011; Cogliano
2012; Sandemose 2016) showed that the inverse transformation problem is still under solution.
According to Lopez (2012; 2019), the search for an inverse transformation method has been
successful, and Pasinetti made the best presentation of the results in his book Lectures on
Production Theory (1977). Pasinetti explains the inverse transformation algorithm and that it
is possible. However, Pasinetti’s solution concerns relative prices, not absolute prices. It does
not allow us to refute Samuelson’s (1971) “eraser algorithm”.

To show the importance of the inverse transformation procedure, | will reformulate the
transformation problem as follows. Let us consider the system of the primary data
characterizing the technological structure and intra-industry relations of the production of a
certain set of goods in physical units of measurement. We should find two price systems based
on this information. The first system would reflect values, and the second one would reflect
production prices. We will solve the transformation problem then and only when we find an

11 Marx has in mind the second part of VVolume 111 of Capital, entitled “Conversion of Profit into Average Profit”.
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algorithm for transforming the first system into the second and the second into the first one.
Here, alternative systems reflecting values and production prices will be dualistic or divided
into oppositions that complement each other. A historically formed complex of production
relations in the economy-pre-capitalist and capitalist may condition each of these systems,
respectively. From a logical point of view, such a decision would mean that we carry out a
theoretical explanation of the average profit based on the law of value. This would mean that
prices and money, which are invisible or present in any production model, we could explain
only by labour value theory.

My paper (Kalyuzhnyi 2014b) presents a method of inverse transformation of production
prices into values based on the three-sector Tugan-Baranovsky—Bortkiewicz model. | have
shown that Samuelson was wrong. With my method, we allocate profits to where they were
‘really produced’. | have also developed an inverse transformation method for Marx’s five-
sphere model. To convert equilibrium production prices to initial values (see Table 7 and Table 2),
we must solve the following system of equations:

X a HvnyA+m) =wy Xy
Cp X o + Vg y(L+m,) = wg Xy,

’ ! / N .:I,II,...,V
Cp Xy HVay L+ m,) = wy Xy J (19)
céjXAj +véjy(1+ m_)= wé;jXBj

Z:WBjXBj :Z:WBj

The unknowns in (19) are the indices of the conversion of production prices into values X ,;,

Xg;» and the index of the change in wages y. The known amounts from Table 7 are ¢};, ¢,
and vy, and the average rate of surplus value is m, =1.18608.
If we use the first equation of any sphere of production, we get:

Al T ’ '
W, — CAj

X (20)

The conversion of the second equation of any sphere of production yields the following
result:
(v +Vg)(A+m,)

X Bj — W (2 1)
Bj

Now we can solve the system of equations (19) using, for example, the program Wolfram
Mathematica. However, we propose a simpler method of solution. We first conventionally
assume that in all sectors A and B, the index y = 1. Under this assumption, using system (19)
and formulas (20) and (21), we can determine the initial values of outputs and constant capital
of all sectors of a separate sphere of production. But we will not know the composition (v + m)
added values produced in these sectors.

We present in Table 8 the results of calculations of multipliers X,; and Xg; by formulas

(20) and (21) aty = 1.
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Table 8. Price Multipliers for Inverse Transformation of Prices into Values

Sphere Xai Xgi
I 1.291586 1.223591
Il 1.390974 1.367590
I 1.457232 1.472822
\Y 0.993423 0.947632
Vv 0.595872 0.523797

Next, we use the data from Table 7 and Table 8 to determine parameters vy =vg X,

Cgy = Cgi X and (Vg +Mg;) =W —Cg;, and present them in Columns 2, 3, and 4 of Table 9.

We then substitute the output values w from Table 9 into formula (15) and determine the
value of the wage packet W, =305. We can now easily determine the amount of surplus value

Zmg; =Zwg; —W, =610 — 305 = 305, and the wage share in the net social product

q" =W, / (W, +=mg) = 305 / (305 + 305) = 0.5,

Table 9. The Result of the Inverse Transformation of the Prices of Production in the Values for the Data in Table 7

Value Constant Capital Net Product Variable Capital Surplus Value
Sphere
¢ (v+m) v=qgi(v+m) m=(01-g")(v+m)
1 2 3 4 5 6
I 120 80 40 20 20
I 130 70 60 30 30
Il 140 60 80 40 40
v 115 85 30 15 15
v 105 95 10 5 5
Sum 610 390 220 110 110

Then we determine wages and surplus value in each particular sphere of production and fill
in columns 5 and 6 (see Table 9). We determine the wage change index by the formula
y=W, /W, =305 :279.039 =1.09304.

Thus, we determine the rate of actual surplus value if we know the structure of the package
of goods included in real wages. According to Table 7, which presents the equilibrium prices
of production, the apparent rate of surplus value is 116.2%, and the real rate of surplus value is
100%, which corresponds to the initial data in Table 2.

Therefore, the analysis shows that Samuelson's attempt (Samuelson 1971, 400) to present
the problem of inverse transformation as an unsolvable problem proved untenable. Pasinetti
was right when he wrote that in “a price system, the rate of surplus value, or ‘rate of
exploitation’ in Marxian terminology, can be obtained directly from the price-of-production
system...” (Pasinetti 1977, 144). However, we should not forget that a prerequisite for
calculating the total surplus value rate is not only the existence of a matrix of inter-industry
coefficients but also a vector of direct labour coefficients. The matrix and the vector make it
possible to calculate the values of goods even without information about the physical structure
of the wage packet.

As for the content of Sraffa's works, Pasinetti wrote:

What really is then Piero Sraffa’s conception? It is not easy to give a satisfactory answer

to this question. In Sraffa’s early notes one finds some hints at the problem of ‘closing’ the
system, in terms of what wages and profits could buy. But these are passing and incidental
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remarks (or so they appear to me). My impression is that, on these aspects, the enormous
mass of Sraffa’s notes is still not sufficient to reveal any clear direction. It may well be that,
in the end, he simply lacked time to apply his mind to these problems. (Pasinetti 2012,
1311)

It is up to the economists of the post-Sraffian generation to construct that part of the
foundations of economic theory that Sraffa could not complete. (Pasinetti 2012, 1313)

Note that in the 21St century many economists continue to address the problems of the labour
theory of value as interpreted by Sraffa (1960). They are Lopes and Neder (2017), Wright
(2019), Schefold (2016; 2019), and others. However, some of Sraffa's progressive ideas remain
unrealized. In particular, Sraffa (1960, 105) proposed to decompose an integrated economic
system into “as many parts as there are commaodities in its net product, in such a way that each
part forms a smaller self-replacing system the net product of which consists of only one kind
of commodity. These parts we shall call ‘sub-systems’.” A sub-system is “is a vertically
integrated ‘slice’ of the economy that produces a single commodity as final output and replaces
the used-up means of production.” (Wright 2019, 171).

We can conclude that Marx's reconstructed model, formed from the five separate spheres of
production, results from dividing an integrated economic system into “as many parts as there
are commodities in its net product.” In this case, in a separate sphere of production, sector A
reproduces used means of production. For the first time, | carried a method of dividing an
integrated economic system into subsystems out in a paper (Kalyuzhnyi 2006).

This paper shows how we can disintegrate the Tugan-Baranowsky—Bortkiewicz three-
industry numerical model into two separate spheres producing final products for workers and
capitalists. | have also shown two stages of iterative calculations, which include the sequential
determination of the average rates of profit in separate spheres of production and the general
rate of profit in particular spheres of production.

In this paper, | have presented alternative methods of direct and inverse transformation of
prices. We can use these methods to investigate little-studied questions of the labour theory of
value. As we know, Marx showed by a simple example that value prices are better than prices
of production (see Marx [1894] 1998, 259-61). They more accurately capture the increase in
social labour productivity from the realization of an investment project. | first reflected the
results of my research on this issue in a paper (Kalyuzhnyi 2014a). Here | draw attention to the
fact that Marx did not accidentally attach particular importance to the determination of value
under socialism:

...After the abolition of the capitalist mode of production, but still retaining social
production, the determination of value continues to prevail in the sense that the regulation
of labour time and the distribution of social labour among the various production groups,
ultimately the bookkeeping encompassing all this, become more essential than ever. (Marx
[1894] 1998, 838)

From this, one of the central focuses on improving the labour theory of value and its practical
use should be the development of a market pricing mechanism to ensure the implementation
of the law of value in the transition period to socialism.

6. Conclusion

In this article, | argue that economists have so far overlooked some fundamental features of
Marx's construction of his theoretical concept explaining the relationship between value and
prices of production.
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First, Marx does not treat in the tables of Chapter 9 of Volume Il of Capital the usual
interdependent branches of the economy, but particular spheres producing only final products.
Marx purges the monetary system of social product production from the double counting of
profits and wages, and this causes a major misunderstanding of the text of Volume III of
Capital. He excludes from the social product model all intermediate products (means of
production for domestic consumption) produced in sector A of a separate sphere of production.
As aresult, only sectors B, which produce final products, remain in Marx's basic transformation
table. The model, which includes only sectors B, perfectly reflects the final public product. The
value of this product coincides with all newly created value as the sum of the annual costs of
necessary and surplus labour. These costs do not change when we substitute the values of
commodities for the prices of production. With this apparent property, Marx substantiates his
central postulate of invariance—the sum of the production prices of the total social product
must be equal to the sum of its value.

Second, Marx initially uses the assumption that the monetary value of wages (variable
capital) does not change during the transformation of values into prices of production. The
consequence of this assumption is the justification of the second transformational postulate of
invariance—the sum of the profits of all the different spheres of production must be equal to
the sum of surplus value. The meaning of these postulates of invariance becomes clear if we
distinguish separate spheres of production as the sum of sector A (production of the
intermediate product) and sector B (production of the final product), and also particular
spheres of production as sectors B. The system of separate spheres produces the gross social
product, and the system of particular spheres produces the final social product. In this paper,
we consider the final social product in two ways:

(@) As the sum of the components of the particular spheres of production B:

EWBJ. = ZCBJ- + Zij + ZmBj ;

(b) As the sum of wages and surplus value of sectors A and B:
I = (ZVy; +2My ) + (2 +ZMy;) = (Zv,; +2Vg) + (Emy +Zmg;) .
According to the basic postulate of the invariance of Zwg =const under condition
(Zv, +Zvy;) =const, we obtain that under the original transformation the second postulate of
the invariance of (Zm,; +Xmg;) =const is also fulfilled.

The author proposed an innovative solution to the transformation problem, based on
supplementing Marx's transformation table with A-sectors and a mechanism generating the
average rate of profit in separate spheres of production composed of sectors A and B. This
mechanism functions simultaneously with the mechanism of redistribution of the total surplus
value of particular B-spheres (or B-sectors) of production is proportional to their capitals.

These two mechanisms provide dynamic formation of the total rate of profit in sectors A
and B by successive iterative calculations. We conclude that Marx's tabular solution represents
only the initial stage of the iterative transformation of values into prices, illustrating the
formation of the total rate of profit in B-sectors.’? The complete transformation under the
accepted postulates of invariance occurs because of two successive stages, which we repeat
several times. In sectors A and B in the first stage, we form the average rate of profit, which
leads to differentiation of the rates of profit in B-sectors, and in the second stage, we form the
general rate of profit in sectors B. In dynamics, this process generate the general rate of profit
in all sectors A and B.

12 Shaikh (1977, 136; 2021, 369) also Morishima and Catephores (1978) came to a similar conclusion but as a
hypothesis. Marx could indeed implement an iterative process. However, he would have had to reestablish the
double counting in his table first.
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The paper presents an iterative method for converting values into prices of production
using the postulates of invariance of the original transformation according to the concept of
Marx (Kalyuzhnyi 2020a, sheet 2). We tested this method using the Wolfram Mathematica
program. The calculations showed that after the original transformation of values into prices of
production if workers’ nominal wages were unchanged, their real wages could change. It
demonstrates the non-equilibrium nature of the original prices of production in the artificially
created numerical models of simple reproduction. However, the basket of real wages in practice
contains a huge number of consumer goods produced by capitals with different organic
compositions. Here, the law of large numbers applies, and the discrepancy between nominal
and real wages approaches zero. Marx relied on this principle and argued that an acceptable
mutual compensation of positive and negative deviations of prices from value is possible.®

Marx briefly described a method for converting non-equilibrium prices of production into
equilibrium prices when investigating the effect of wage fluctuations on the average rate of
profit. The paper presents appropriate algorithms for such a transformation using an iterative
procedure and the Wolfram Mathematica program (Kalyuzhnyi 2020a, sheet 2). The
equilibrium transformation changes the distribution of the value of the same final social product
Zwy, into the income of workers V = (Xv,; +Xvy) and capitalists M = (Zm,, +Xmy) .

However, the physical structure of the class distribution of the net social product does not
change. Marx treated this issue in Chapter 11 of Volume Ill of Capital as secondary to the
original transformation of values into prices of production. After the equilibrating
transformation of the original prices of production, the sum of profit deviates from the sum of
surplus value without changing the magnitude of the newly created value. This peculiarity
obscures the origin of profit, but the operation of the law of large numbers leads to an
approximate coincidence of total profit and total surplus value. For example, Engels, in a letter
to Conrad Schmidt dated March 12, 1895, explained that

total profit and the total surplus value can correspond only approximately <...> and any
coincidence of the total price and total value other than one which constantly tends towards,
and yet as constantly tends away from, unity, will be seen to be a sheer impossibility. (Marx
[1892-5] 2004, 465)

The paper presents a method developed by the author of the inverse transformation of
equilibrium prices of the production of commodities into initial absolute value prices
(Kalyuzhnyi 2020a, sheet 3). Engels, in a letter to Werner Sombart of March 11, 1895, wrote
that at production prices the “value <...> is so thoroughly well-concealed that our economists
can happily deny its existence.” (Marx [1892-5] 2004, 462). The inverse transformation
method allows us to calculate precisely the initial values of commodities and the distribution
of surplus value over spheres of production, and on this basis to disprove Samuelson's “eraser
algorithm”.

The author provides links for downloading two algorithms (Kalyuzhnyi 2020a; 2020b), with
the help of which it is possible to test the effectiveness of the transformation methods presented
in this paper. Previously, the author has shown (see Kalyuzhnyi 2014a) that the methods of
direct and inverse transformation allow evaluating alternative pricing principles (in value prices
and production prices) in terms of their ability to assess the exact impact of investment projects
on increasing the productivity of social labour. This area of research may become the major
focus for the further development of the labour theory of value.

131t is Marx possible that he was familiar with the works of Jacob Bernoulli (1655-1705) and Simeon Poisson
(1781-1840), published respectively in 1713 and 1837, devoted to the proof of the “law of large numbers”. It is
quite possible that Bortkiewicz, who dealt even with the “law of small numbers,” failed to notice Marx's implicit
reference to the “law of large numbers” on purpose.
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