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Abstract

Kernel Principal Component Analysis (Kernel PCA) is a generalization of the ordi-
nary PCA which allows mapping the original data into a high-dimensional feature
space. The mapping is expected to address the issues of nonlinearity among vari-
ables and separation among classes in the original data space. The key problem in
the use of kernel PCA is the parameter estimation used in kernel functions that so far
has not had quite obvious guidance, where the parameter selection mainly depends
on the objectivity of the research. This study exploited the use of Gaussian kernel
function and focused on the ability of kernel PCA in visualizing the separation of the
classified data. Assessments were undertaken based on misclassification obtained
by Fisher Discriminant Linear Analysis of the first two principal components. This
study results suggest for the visualization of kernel PCA by selecting the parameter
in the interval between the closest and the furthest distances among the objects of
original data is better than that of ordinary PCA.

AMS Subject Classification: 62H25, 62H30, 91C20.
Keywords: Kernel PCA, Gaussian kernel function, data visualization, Fisher dis-
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1. Introduction

1.1. Background

Visualization is engineered in making drawings, diagrams or animations to the appear-
ance of an information. In statistics, visualization is often used in exploratory data
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analysis as an approach in analyzing data to summarize the main characteristics of the
data [4]. The primary objective of data visualization is to communicate information
clearly and effectively to users through graphs, plots and tables. It makes the complex
data to be more accessible, understood and used. For data with dimension greater than
three, the visualization cannot be done directly by using the data objects in the ordinary
space, otherwise, it can be done by using Principal Component Analysis (PCA).

PCA is probably the oldest and best known of the techniques of multivariate analysis.
The central idea of PCA is to reduce the dimensionality of a data set in which it has
correlation among variables, while retaining as much as possible of the variation present
in the data set [8]. The new variables that represent the data with smaller dimension
but uncorrelated is called principal components. From the algebraic point of view, a
principal component is obtained by a linear combination of the original variables which
have the largest variance in sequence and do not have correlation with the previous
principal components. However, since PCA uses a linear combination of the variables
to interpret the data, PCA could not model complex data with nonlinear relationships
among variables. Therefore, Kernel Principal Component Analysis (Kernel PCA) was
developed as the generalization of the ordinary PCA.

Implicitly, the kernel PCA is a nonlinear form of the ordinary PCA which maps
the original data with nonlinear relationships among variables into a high-dimensional
feature space. At the space, the data obtained has linear relationships among variables
so that ordinary PCA can be applied [12]. For classified data, in addition to linear
relationships among the variables, the separation among the classes become a problem
in itself. The data in the feature space is expected to be separately marked by having
few misclassification. By using kernel function which is a standard dot product in the
feature space, the data is mapped from original space into the feature space. The success
of kernel PCA is determined by kernel function used. One of the kernel functions that
is widely popular is Gaussian kernel function which having form

llx;—x ; 12
K(X;,Xj) =e s , (1.1)

where X is a vector of data objects and o is a parameter [13]. The ability of Gaussian
kernel function to map the classified data into feature space to obtain the separation
among classes is very dependent on the parameter. Many studies have been done by using
Gaussian kernel function to reduce the dimensionality of the data [1, 9, 10, 11, 14, 16].
Each study has its own method in selecting the parameter, depends on the research
objective. Until now, method to choose the optimal parameters is still an ongoing research
topic with no conclusive solution.

This study aims to assess the selection method for parameter o of Gaussian kernel
function in visualizing the classified data with minimum misclassification. In addition,
the visualization results by kernel PCA is also compared with those by ordinary PCA
based on the respecting misclassification. We exploited Fisher linear discriminant anal-
ysis to show the linearly separation of the data in the feature space. We present a short
review of kernel PCA and Fisher discriminant linear analysis in the next subsections.
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1.2. Kernel PCA

Consider a data set X, , = (X1, X2, ..., xn)T, where x; € R” and assume that we have a
nonlinear transformation ¢ (x;), which transforms the original data into p y-dimensional
feature space, where usually p s > p. We define the data centered in the feature space

by ¢(x;), from which the covariance matrix C in R”/ is given by
1 n
C= ﬁgqs(xi)qs(xi)? (1.2)

Similar to the ordinary PCA [8], we need to find eigenvectors v and eigenvalues A by
solving eigen problem Cv = Av. But, it can be extremely costly and inefficient because
p s could be so big. Fortunately, we can use kernel method to simplify [12]. Since the
dot product in the feature space is defined by (q~5(x,~), (]S(Xi)) = qg(xi)TqS(x,-), the eigen
problem Cv = Av, using (1.2), can then be expressed by

1 - -
— ;¢<xi>¢<xi)Tvm = V", (1.3)
which implies that v"" corresponding to A,,, m :~1, 2, . with ro= rank (X) and
Al > Ay > --- A, > 01is a linear combination of {¢(Xx1), p(X2), ..., ¢(X,)}. Thus, we

can expand v" as follows

m_ NS ey om_ (G V")
v = ;ai b)), o = o (1.4)

Now by using (1.3) and (1.4), the eigen problem is equivalent to
(@(x)), CV") = ($(x;), AmV"), (1.5)

for j =1,2,...,n, which means
1 n n _ _ . _ n . .
D DB, AN BX)), S (i) = D G (P, H(x0)).
i=1 k=1 k=1

According to [3], by defining kernel matrix Knxn as follows

~ 1 n 1 n 1 n n
Kij =« (x;,Xj) — ;ZK(Xi,Xj) - ;ZK(XI',X]') + ;ZZK(XhXj)a (1.6)
j=1 i=1

i=1 j=1

we can write (1.5) as

K2a" = 1, Ka™ & Ka™ = Ao, (1.7)
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Furthermore, we normalize the eigenvector v"" in order to have v"* where (v, V") =1,
then we obtain

1 N o
Vie ———— ) o'd(xi) = ) a"d(x). (1.8)
NAGER Y% ; ;

For principal components extraction in the feature space, we compute the projections of
¢ (x) toward eigenvectors v"" in feature space according to

", p(x)) = Za K (X, X), (1.9)

or simply in a matrix notation:
PV = KA, (1.10)
where we denote énxnf (@D, $(x2), -, $x)), V) = F1,¥2, ..., ¥) and

Apxr = @',a%...,a" [10].
1.3. Fisher Discriminant Linear Analysis

Discriminant analysis is a multivariate technique concerned with separating distinct sets
of objects and with allocating new objects to previously defined classes [7]. In the other
words, discriminant analysis is used to classify an input vector x and allocating it into
one of the K data classes m; (k = 1,2, ..., K). Suppose given n training data objects
collected in X, , which consists of K data classes. Each class of the data is assumed
to be normally distributed with the mean vector and covariance matrix for class my are
ir and Xy, respectively, estimated using maximum likelihood estimates by X; and Sg.
When the population covariance matrices in each class are equal, i.e., X; = X; = X for
all j # k, then we can write the linear discriminant function dj as follows:

dr(x) = pi T x = 2l = . (1.11)

Equation (1.11) is known as Fisher Linear Discriminant Function, where the allocation
of any vector object x into class my+ is decided according to

k* = argmax dj(x). (1.12)

The function of hyperplanes that separates 7 and 7; for all k # j is given by

(i — ) 27 (x = 3 (s + ) = 0. (1.13)

The classified data that can exactly be separated by linear decision surfaces is said to be
linearly separable [3].
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Table 1: Data description

Number of
Data Set Objects (n) Variables (p) Classes (K)
Wang synthesis 1000 3 2
SCCTS 600 60 6
Iris 150 4 3
Wine 178 13 3

Table 2: Misclassification of Fisher linear discriminant analysis

Predicted Membership
Actual Membership Ty e Tk Total
T niy ni2 - MK ni.
%) np; Ny - N2K ny.
TK nK1 ng2 -+ NKK ng.
Total n, n,p, -+ nK N.=n

2. Material and Method

In this section we provided data sets used in the research and the proposed method for
selecting the parameter of Gaussian kernel function.

2.1. Data

The data used in this study consists of two synthesis data sets, namely Wang synthesis
data set [15] and Synthetic Control Chart Time Series (SCCTS) data set [2], and two
real world data sets, namely Iris data set [S] and Wine data set [6]. Each data, except Iris
data set, was standardized to eliminate the variance dominance of certain variables. The
description of data’s classes is shown in Table 1.

2.2. Method

In this research, we used the Gaussian kernel function to map the data from the original
space to the feature space. As we know, Gaussian kernel function has a parameter §. The
purpose in selecting this parameter is mainly motivated by misclassification minimization
problem under Fisher linear discriminant analysis, where the misclassification chart is
shown in Table 2. Total proportion of misclassification is then given by apparent error
rate ¢ as follows
o=
=—= ="
In kernel PCA, Gaussian kernel function (1.1) is used to compute the Gram matrix
which is a dual form of the covariance matrix in the feature space [10]. Thus, o will

& 2.1)
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determine the correlation of the data in the feature space. If o is too large compared to
the distances between data objects, it will result matrix of ones as the Gram matrix so that
the data objects in the feature space are concentrated at one point. As a consequence, the
greater o, the lesser variance of the data in the feature space. Conversely, if o is too small,
then the Gram matrix becomes the identity matrix so that the data has no correlation in
the feature space and the ordinary PCA becomes infeasible. Consequently, the smaller
o, the lesser correlation variables in the feature space. Therefore, we propose to select
o in the interval of min ||X; — X ;|| < o < max ||x; —X;||. The interval is then partitioned
and every point is tested to get a point which provides o with the smallest ¢. If there are
several points exist, then o is selected according to the largest percentage of variance
of the first two principal components. The number of partitions of the interval selected
is based on the width of the interval. In this study, the interval was divided into 200
partitions. The algorithm for selecting o can be presented below.
Input: Matrix of classified data X, , = (X1, X2, .. ., X,,)T.

1. Compute ||x; — x| foralli, j =1,...,nandi # j.

2. Define interval R := [min ||x; — X/ ||, max ||x; — x;||].

3. Make n, partitions over R to produce {0y, 02, ..., Onpt1 }.

4. For all 0;: (i) reduce X using (1.10) into the first two principal components, (ii)
classify the principal components using (1.11), (iii) compute the apparent error

rate using (2.1), (iv) o* = argmin &(o;).
i

The parameter o * obtained from the algorithm is then used for visualizing data using
kernel PCA. In addition, the data is also visualized using ordinary PCA to be compared
with kernel PCA based on the apparent error rate. The original data is also classified to
inspect the linearly separable property of the original data in the original space.

3. Experiments

3.1. Visualization of Wang Synthesis Data Set

We used Wang synthesis data set to illustrate the effectiveness of the proposed method
in selecting o used in kernel PCA to visualize data set. The data is assumed to be
distributed on two concentric sphere surfaces. The total number of all data points is
1000, which are divided into two classes. The first class has 500 points on a sphere of
radius 100 and the second class has 500 points on a sphere of radius 40. In the spherical
coordinate system, the inclination 6 is uniformly distributed in [0, v ] and the azimuth
¥ is uniformly distributed in [0, 277) for both classes. Further, the all data points are
transformed to cartesian coordinate system. So, we have the observations of the data
points as (x, y, z) and then by a Gaussian noise of standard deviation 1, all observations
are perturbed. Visualization of the data consists of two balls shown in Figure 1, which
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Figure 1: Visualization of Wang synthetic data set: original (left) and standardized
(right).
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Figure 2: Visualization of Wang synthetic data set by ordinary PCA (left) and kernel
PCA (right).

depicts a blue and red balls for first and second classes, respectively. The figure shows that
the data is linearly inseparable. If the data is classified using Fisher linear discriminant
analysis, the level of misclassification is 44.90 percent.

Data set was then reduced using ordinary PCA to obtain the first two principal com-
ponents, namely PC1 and PC2 to be visualized. Visualization result is shown in Figure
2 (left), which is not much different from the original data. Data visualization with
PCA remains linearly inseparable. If PC1 and PC2 are classified using Fisher linear dis-
criminant analysis, it provides the level of misclassification by 46.50 percent. However,
visualization by using kernel PCA of o = 0.9153 entirely separated the data as depicted
by Figure 2 (right).

3.2. Visualization of SCCTS Data Set

As Wang synthesis data set, we classified the data using Fisher linear discriminant and
provide the level of misclassification by 0.83 percent. It means that the data is linearly
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Figure 3: Visualization of SCCTS data set by ordinary PCA (left) and kernel PCA (right).
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Figure 4: Visualization of Iris data set by ordinary PCA (left) and kernel PCA (right).

Table 3: Misclassification of Iris and Wine data sets

Data Set Original Data Ordinary PCA Kernel PCA o
Iris 2.00% 4.00% 2.67% 6.8726
Wine 0.00% 2.44% 1.41% 4.5673

separable. However, the data cannot be visualized directly since it has 60-dimensions.
Reduction by ordinary and kernel PCAs, where o = 4.5301 is applied to the later,
produce the level of misclassification by 21 percent and 7 percent, respectively. The
hyperplanes (1.13) are given by Figure 3.

3.3. Visualization of Real World Data Sets

In this part, we applied the proposed method of selecting o for two data sets from real
world: Iris data set and Wine data set. First, the data was reduced by ordinary PCA and
then by kernel PCA to compare their apparent error rates. The visualization results are
shown in Figures 4 and 5, and their corresponding level of misclassification are given in
Table 3.
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Figure 5: Visualization of Wine data set by ordinary PCA (left) and kernel PCA (right).

4. Conclusion

In this paper, we have discussed the theory of kernel PCA and Fisher linear discriminant
analysis and made empirical studies to visualize data set using ordinary and kernel
PCAs with two synthesis data sets and two real-world data sets. We have assessed
the visualization of the data by ordinary and kernel PCAs under proposed method by
considering the level of misclassification. We found that the value of o that minimizes
the misclassification can be selected in the interval [min ||x; — X ||, max |[|x; — X ||] and
with the selection of appropriate parameter o, kernel PCA may work better than ordinary
PCA because it can provide visualization of the classified data with relatively smaller
misclassification.
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