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Abstract

We show that we can choose a point in the plane such that the
resulting windmill process with varying pivot uses each point
of the plane infinitely many times.
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Introduction

4. We discuss the solution of Problem 2 of the International Math-
ematical Olympiad (IMO, 2011) [1, 2].

Definitions

5. S = a finite set of at least two points in the plane

6. No three points of S are collinear.

7. windmill = the rotation process that starts with a line ℓ going through
a single pivot point P ∈ S

8. ℓ rotates clockwise about P until the first time that ℓ meets some
Q ∈ S

9. Q = new pivot

10. ℓ rotates clockwise about Q until it next meets a point in S

11. This process continues indefinitely.

Theorem

12. We can choose P ∈ S and ℓ going through P such that the resulting
windmill uses each point of S as a pivot infinitely many times [1].

Proof

13. Let ℓ have an orientation (Fig. 1).

14. ℓ divides the plane into the grey and white sides.

15. Start with ℓ going through a point O such that all points in S are in
the white side.
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Figure 1: Two arbitrary points and the oriented rotating line are shown
[1].

16. Fix the pivot in O.

17. Since (6), as ℓ moves clockwise (with the pivot fixed at O), it passes
through one point at a time.

18. Move ℓ until there are

(a) n points in each side if ∣S ∣ = 2n + 1.
(b) n − 1 points in the grey side and n in the white if ∣S ∣ = 2n.

19. Now, start the windmill process as described in (7-11).

20. Note that whenever the pivot changes from T to U (Fig. 1), after the
change, T is on the same side as U was before.

21. The number of elements of S on the grey side and the number of
those on the white side remain the same throughout the whole process
(except for those moments when the line contains two points).

22. Let the configuration in (18) be the starting line.

23. During the rotation, due to (20), each point from the grey side becomes
white and vice versa.

3



24. Therefore, after having made a rotation of 180°, the windmill should
have passed through all the points.
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