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Abstract

We show within the maximum number of steps that if only one point
is moved by two permutations, the commutator is a 3-cycle.
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Introduction

1. This is an open science experiment.

2. The experiment aims to foster reproducibility and transparency in
pure mathematics by increasing the number of pedagogical papers and
presenting as many steps as possible to prove a given mathematical
proposition/theorem.

*All authors with their affiliations appear at the end of this paper.
fCorresponding author: mplobo@uft.edu.br | Join the Open Mathematics Collaboration
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Theorem

3. If g and h are permutations with the property that only one point
is moved by both g and h, then the commutator g-th=tgh is a 3-
cycle [1-3].

Algorithm

4. We will show /calculate the following:



Overview
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alg,h] = ah [9,h] = g 'h " gh

ah # a # ag # ah ]
aglg, h] = a




Proof
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. g, h = distinct permutations on a set (2

dla € €2 moved by both g and h

[9,h] = g 'h~1gh = commutator

Notation: g(h(a)) = ahg.

Since both g and h move a, a # ag and « # ah.
Since g # h, ag + ah.

Thus, from (10) and (11), «, ag, and ah are three distinct points,
namely, ah # a # ag # ah.

Suppose 0 # a, ag, ah.

There are two possibilities, either Sg=! = Bh~1 = 8 or S¢g~1 # Bh71.
Case 1: (Bg~! = Bh™t = B) > (Bg~'h™" = Bh7'g™").

Case 2: suppose ¢~ moves 3, fg~1 # 3.

(Bg™' #B) < (Byg'g # Bg) < (B# Bg)

Thus g moves 3, Bg # 3.

Since Bg + 0 + «a, due to (7), Bh~t = f.

Inserting 8 = Bh~! in Bg7!, we have Sg~' = Bh~1g~L.

Since fg~lg = 3, g moves Sg~ L.

Since g moves B¢, Bg7tg =B+ «, h7! fixes g, Bg~th™1 = Bg~L.
Thus, from (20) and (22), Sg~'h~t = gh~1g™t.

Therefore, from (16) and (23), (8g7! # Bh71) = (Bg~th~t = Bh7lg™!)
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Both cases 1 and 2 lead to the conclusion Sg=1h~t = Sh~1g~1.
It follows that 8[g,h] = Bg~th~tgh = Bh=tg~lgh = Bh~1h = (.

Then 8[g, h] = 6.

(27) shows that [g, h] fixes every member of (2 other than «, ag, and
ah.

Now let’s calculate

Note that ah™'h = o, which means that A moves ah™!.

Since h moves ah~! and due to (7), g fixes ah™!, ie., ah™lg = ah™l.
Then, using (32) in (30), ag[g,h] = ah™tgh =ah™h = a.

Therefore, aglg, h] = a.

Interchanging g and h in (34), ah[h, g] = «.

Then alh, g]™! = ah.

Note that [h,g]™' = (h~tg~thg)t =g 'hlgh =[g,h].

Thus alg, h] = ah.

Definition: a permutation of a set {2 is a bijective map {2 — €.

Proposition: the commutator is a permutation.

Since (28), and due to (39) and (40), we have ahlg, h] = ag.



42. In summary, from (34), (38) and (41),

(a) aglg,h]=q;
(b) alg,h] = ah;

(c) ahlg,h]=ag.

43. Therefore, the commutator [g, h] is a 3-cycle. (]
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