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Abstract

We prove the proposition addressed in the title of this paper.
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Notation & Definition

1. [1, 2]

2. S = finite monoid

3. (x ∈ S, ∃x′ ∈ S ∶ xx′ = 1)→ (x′ = right inverse of x)

4. (x ∈ S, ∃x′ ∈ S ∶ x′x = 1)→ (x′ = left inverse of x)

5. (x ∈ S, ∃k, ℓ ∈ N, k < ℓ, xk = xℓ)↔ (x = periodic)
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Proposition

6. An element of a finite monoid is right invertible if and only if it is left
invertible. [1]

Proof 1

7. Proposition: (S = finite monoid)→ (S = periodic).

8. (→)

9. Suppose x ∈ S is right invertible.

10. ∃x′ ∈ S ∶ xx′ = 1

11. Since S is finite, from (7), S is periodic.

12. From (5) and (11), xk = xk+ℓ = xℓ+k for some k, ℓ ∈ N.

13. 1 = xx′ = xkx′k = xk+ℓx′k

14. From (12) and (13), xk+ℓx′k = xℓ+kx′k = xℓxkx′k = xℓ

15. Then 1 = xℓ = xℓ−1x.

16. So xℓ−1 is a left inverse of x.

17. (←)

18. Similarly, if x is left invertible, it is right invertible.

19. Therefore,

(x ∈ S is right invertible)↔ (x ∈ S is left invertible).
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Proof 2

20. T (S) = transformation semigroup

21. From Cayley’s theorem, S ≅ T (S).

22. So, the element x ∈ S corresponds to a transformation tx ∶ S → S.

23. If x is right invertible, then xx′ = 1.

24. Thus txtx! = t1.

25. Since t1 is a permutation and S is finite, tx is also a permutation.

26. Then, for some n, we have (tx)n = t1.

27. In other words, (tx)n−1 is the left-inverse of tx, i.e., xn−1 is the left-
inverse of x.

Final Remarks

28. S = finite monoid

29. (x ∈ S is right invertible)↔ (x ∈ S is left invertible)

Open Invitation

Review, add content, and co-author this paper [3, 4]. Join the Open
Mathematics Collaboration (https://bit.ly/ojmp-slack). Send your
contribution to mplobo@uft.edu.br.

Open Science

The latex file for this paper together with other supplementary files
are available [5].
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